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SUMMARY 
A p r o c e d u r e  for c o m p a t i b i l i t y  check o f  measured a i r p l a n e  r e s p o n s e s  is 
p r e s e n t e d .  T h i s  p rocedure  i n c l u d e s  e s t i m a t i o n  of bias e r r o r s  i n  the measured 
d a t a  i n  terms of  c o n s t a n t  measurement b i a s e s  and scale f a c t o r s ,  and  a compari- 
s o n  of r e c o n s t r u c t e d  r e s p o n s e s  w i t h  those measured. The model r e l a t i n g  a i r -  
p l a n e  s ta tes  and  o u t p u t s  is based on  s ix-degree-of-freedom k i n e m a t i c  
e q u a t i o n s .  I n  these e q u a t i o n s  the i n p u t  v a r i a b l e s  are r e p l a c e d  by their 
measured v a l u e s  which are  assumed t o  be  w i t h o u t  random errors. 
A maximum l i k e l i h o o d  method is used as t h e  e s t i m a t i o n  t echn ique .  The 
r e s u l t i n g  a l g o r i t h m  i s  v e r i f i e d  w i t h  s imulated d a t a  and data  from f l i g h t  
t e s t i n g .  The r e s u l t s  from s i m u l a t e d  d a t a  show t h a t  t h e  i n c r e a s e d  number of 
unknown parameters and t h e  c o r r e l a t i o n  among them c a n  d e g r a d e  t h e  a c c u r a c y  of 
the estimates; however,  moderate measurement n o i s e  l e v e l  i n  the i n p u t  vari-  
a b l e s  h a s  o n l y  a small e f f e c t  on  t h e  estimates. The maximum l i k e l i h o o d  esti-  
mates from f l i g h t  d a t a  were compared wi th  t h o s e  o b t a i n e d  by u s i n g  an ex tended  
Kalman f i l t e r  and  a n o n l i n e a r  f i x e d - i n t e r v a l  smoother. T h i s  compar ison  showed 
no major d i f f e r e n c e s  i n  r e s u l t s  of a l l  t h r e e  t echn iques .  
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p o s i t i o n  c o o r d i n a t e s  of a wind vane w i t h  respect to  
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a n g l e  of at tack, r a d  o r  deg 
s i d e s l i p  a n g l e ,  r a d  o r  deg 
Knonecker d e l t a  
convergence c r i te r ia ,  see Eq. (16)  
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measured q u a n t i t y  
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u n c o r r e c t e d  f o r  b i a s  e r r o r  
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Matrix Exponents : 
T transpose matrix 
- 1  inverse matrix 
Mathematical Notation: 
0 over symbols denotes der ivat ive  with respect  to  t i m e  
A over symbol denotes estimated value 
A incremental value 
Abbreviations: 
EKF extended Kalman f i l t e r  
ML maximum l ike l ihood 
NFIS nonlinear f ixed -interva 1 smoother 
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INTRODUCTION 
For more t h a n  f i f t e e n  y e a r s  t h e r e  have been numerous attempts t o  estimate 
a i r p l a n e  s ta tes  from measured f l i g h t  da t a .  T h i s  e s t i m a t i o n  is possible 
because  of w e l l  known k i n e m a t i c  e q u a t i o n s  r e l a t i n g  t h e  a i r p l a n e  s t a t e s  a n d  
o u t p u t  v a r i a b l e s .  I n  many c a s e s  t h e  e s t i m a t e d  states have been used  f o r  d a t a  
c o m p a t i b i l i t y  checks ,  t h a t  i s ,  f o r  comparison of measured and  p r e d i c t e d  
r e s p o n s e  v a r i a b l e s  of an a i r p l a n e .  Because t h e  measured d a t a  are c o r r u p t e d  by 
random and s y s t e m a t i c  e r r o r s ,  i t  w a s  r ecogn ized  t h a t  t h e  s t a t e  estimates 
shou ld  be combined w i t h  the e s t i m a t i o n  of unknown b i a s e s  (parameters) t o  
o b t a i n  s a t i s f a c t o r y  r e s u l t s .  Var ious  methods f o r  s t a t e  and parameter es t i -  
mat ion  were a p p l i e d .  They can be d i v i d e d  i n t o  two groups :  
1 .  Methods f o r  e s t i m a t i n g  s e p a r a t e l y  unknown p a r a m e t e r s  and  s ta tes  
( r e f s .  1 t o  6 ) .  For pa rame te r  e s t i m a t i o n  t h e  maximum l i k e l i h o o d  or n o n l i n e a r  
l eas t  squares t e c h n i q u e s  are used .  Fo r  s t a t e  e s t i m a t i o n  t h e  sys t em i s  assumed 
t o  be d e t e r m i n i s t i c .  That  is, t h e  s t a t e  v a r i a b l e s  a r e  s imply  o b t a i n e d  by t h e  
i n t e g r a t i o n  of  model e q u a t i o n s .  
2. Methods f o r  e s t i m a t i n g  s t a t e s  and p a r a m e t e r s  s i m u l t a n e o u s l y  u s i n g  an  
ex tended  Kalman f i l t e r  ( r e f s .  7 and 101, or  n o n l i n e a r  smoother  ( r e f .  1 1 ) .  A 
r ev iew of v a r i o u s  approaches  t o  t h e  problem of a i r p l a n e  s t a t e  e s t i m a t i o n  i s  
p r e s e n t e d  i n  r e f e r e n c e  12. 
The pu rpose  of t h i s  r e p o r t  is ( 1  1 t o  d e v e l o p  a maximum l i k e l i h o o d  a l g o r -  
i t h m  a p p l i c a b l e  t o  g e n e r a l  motion of a n  a i r p l a n e ;  ( 2 )  t o  compile a n  e f f i c i e n t  
computer program based on t h i s  a lgo r i thm;  and ( 3 )  t o  v e r i f y  bo th  t h e  a l g o r i t h m  
and  program on s i m u l a t e d  and r e a l  f l i g h t  d a t a .  The report s t a r t s  w i t h  t h e  
f o r m u l a t i o n  of model e q u a t i o n s  and e s t i m a t i o n  t e c h n i q u e s .  Then s e v e r a l  
examples  are  p r e s e n t e d .  When t h e  real  f l i g h t  d a t a  are a n a l y z e d  t h e  maximum 
l i k e l i h o o d  r e s u l t s  are compared w i t h  those  o b t a i n e d  by u s i n g  an  ex tended  
Kalman f i l t e r  and n o n l i n e a r  smoother .  
MODEL EQUATIONS 
The ma themat i ca l  model used f o r  t h e  d a t a  c o m p a t i b i l i t y  check is d e s c r i b e d  
by t h r e e  sets of k i n e m a t i c  e q u a t i o n s  with the  s t a t e  v a r i a b l e s  c o n s i s t i n g  of 
t h r e e  l i n e a r  v e l o c i t i e s  u ,  v ,  and  w; t h r e e  E u l e r  a n g l e s  +, 0, and J, ; and 
t h r e e  l i n e a r  p o s i t i o n s  xb, yb, and  zb. 
are t h e  l i n e a r  a c c e l e r a t i o n s  ax, a 
and  r. The form o f  t h e  k i n e m a t i c  ( s t a t e )  e q u a t i o n s  c o n s i d e r e d  c a n  be found i n  
v a r i o u s  r e f e r e n c e s  (see, e.g. r e f e r e n c e  9). 
The i n p u t  v a r i a b l e s  i n  t h e s e  e q u a t i o n s  
and  a, and a n g u l a r  v e l o c i t i e s  p, q ,  Y’ 
The f o l l o w i n g  v a r i a b l e s  a r e  measured: 
1 .  
2. The a i r s p e e d  V I  two i n c i d e n c e  a n g l e s  fi and av , t h r e e  E u l e r  
The i n p u t s  t o  t h e  sys tem a,, ay ,  a z ,  PI q, and r. 
V 
a n g l e s  $,e , and J, and a l t i t u d e  h=  ‘zb. 
These v a r i a b l e s  r e p r e s e n t  the o u t p u t  of t h e  sys tem.  The measured v a r i -  
ables z are c o r r u p t e d  by s y s t e m a t i c  and  random errors. It  is assumed t h a t  






where y i s  the t r u e  v a l u e  of t h e  o u t p u t ,  X i s  t h e  unknown scale factor error, 
b i s  t h e  c o n s t a n t  b i a s  error, and  n i s  t h e  measurement n o i s e .  I t  i s  f u r t h e r  
assumed # a t  t h e  s c a l e  f a c t o r  error is e q u a l  t o  z e r o  f o r  a l l  the i n p u t  v a r i -  
a b l e s .  This  a s sumpt ion  w i l l  s i m p l i f y  a n  e s t i m a t i o n  p r o c e d u r e  for  r ema in ing  








The s y s t e m  of s t a t e  e q u a t i o n s  is s impl i f i ed  by d e l e t i n g  #e e q u a t i o n s  for 
Xb and yb. 
t i o n s  by t h e i r  measured v a l u e s  r e s u l t s  i n  the f o l l o w i n g  set of s t a t e  e q u a t i o n s  
Then, r e p l a c i n g  t h e  i n p u t  v a r i a b l e s  i n  t h e  r ema in ing  s t a t e  equa-  
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The o u t p u t  e q u a t i o n s  t a k e  the form 
2 2 2  = ( 1  + Xv) JU + v + w + bv vR 
- 'R,EXa+ 'R,EYa 
vR- - rR,EYa+ 'R,EZa 
a - ( 1  + xa) ta;' [, 1 + ba 
xh' h = ( 1  + 
I$ = ( 1  + X $ + b 
f 3 = ( 1 + X ) 0 + b e  
R 
4 R 0 
R 0 
R J, 
$ =  ( 1  + X J, 
I n  Eq. ( 3 )  Bv and av are t h e  i n c i d e n c e  a n g l e s  measured by the vane. 
s i d e s l i p  a n g l e  $* is measured i n  the Oxbyb p l a n e ,  whereas  f3  is measured 
between t h e  wind v e c t o r  and i t s  p r o j e c t o n  on  t h e  Oxbzb p l a n e .  
angles a r e  t h e r e f o r e  d e f i n e d  as 
The 
These  t w o  
-1 v fi* = t a n  - 
-1 v f i  = s i n  - v 
U 
Sometimes t h e  measured s i d e s l i p  a n g l e  h a s  been c o r r e c t e d  f o r  t h e  c .q .  o f f s e t  
pr ior  t o  t h e  c o m p a t i b i l i t y  check. I n  such  case fi c a n  be computed from t h e  
s i m p l i f i e d  e q u a t i o n  as i n d i c a t e d  above. I n  t h e  o u t p u t  e q u a t i o n s  f o r  hR 
and 11, t h e  c o n s t a n t  bias terms are omitted because  t h e  r e f e r e n c e  v a l u e s  
f o r  J, and h can  be s e l e c t e d  a r b i t r a r i l y .  F u r t h e r ,  i n  a s .  (2) and ( 3 1 ,  R 
i n d i c a t e s  t h e  v a r i a b l e  u n c o r r e c t e d  for b i a s  errors and i n d e x  E measured va r i -  
able.  F i n a l l y ,  x y a  ,z and x 
of a and f3 vane w i t h  respect to a i r p l a n e  c e n t e r  of g r a v i t y .  
R 
a r e  t h e  p o s i t i o n  c o o r d i n a t e s  
B' y B '  z B  a' a 
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PROBLEM STATEMENT 
The g e n e r a l  form of s t a t e  e q u a t i o n s  f o r  a g i v e n  s y s t e m  c a n  be w r i t t e n  as 
(5) 0 %(t)  = 5 [ x ( t ) ,  r l ( t ) ,  o , ]  + g [ x ( t , ]  E ( t ) ,  x ( 0 )  = x 
and  t h e  discrete  form of t h e  measured e q u a t i o n s  a s  
where x, rl, and z are  t h e  s t a t e ,  i n p u t  and measurement vector 
re spec t i v e l y  , 0, 
i s  the v e c t o r  of unknown i n i t i a l  c o n d i t i o n s ,  5 and n are  the process and 
measurement  noise  vectors r e s p e c t i v e l y ,  and N i s  t h e  number of d a t a  p o i n t s .  
The c o m p a t i b i l i t y  check can be now f o r m u l a t e d  as an i d e n t i f i c a t i o n  problem 
which i n v o l v e s  t h e  e s t i m a t i o n  of s t a t e  and o u t p u t  v a r i a b l e s ,  unknown para- 
meters 0 and xo, and c o v a r i a n c e  matrices of 5 and n, from measured data. 
is  the vector of unknown b i a s e s  and scale factor errors, xo 
1 
The postulated model e q u a t i o n s  r e p r e s e n t  a n o n l i n e a r  s t o c h a s t i c  s y s t e m  
w i t h  s t a t e - d e p e n d e n t  process n o i s e  and w i t h  n o n l i n e a r  o u t p u t  e q u a t i o n s  w i t h  a n  
a d d i t i v e  measurement n o i s e .  The s t a t e  e s t i m a t i o n  i n  t h i s  case would be a n  
e x t r e m e l y  d i f f i c u l t  problem. The s e p a r a t e  e s t i m a t i o n  of unknown parameters 
would be e q u a l l y  c o m p l i c a t e d  b e c a u s e  of t h e  r e s u l t i n q  form of t h e  s e n s i t i v i t y  
e q u a t i o n s .  F o r  t h e s e  r e a s o n s ,  p o s s i b l e  s i m p l i f i c a t i o n  of t h e  problem w i l l  be 
c o n s i d e r e d .  
ESTIMATION METHOD 
The s t a t e  and p a r a m e t e r  e s t i m a t i o n  problem o u t l i n e d  above  c a n  be r e d u c e d  
t o  parameter e s t i m a t i o n  o n l y  by n e g l e c t i n g  t h e  process n o i s e  a l t o g e t h e r .  The 
s t a t e  e s t i m a t i o n  is t h u s  r e p l a c e d  by t h e  i n t e g r a t i o n  of t h e  s t a t e  e q u a t i o n s  
w i t h  the estimated v a l u e s  f o r  i n i t i a l  c o n d i t i o n s  and bias errors. For the 
parameter e s t i m a t i o n  t h e  maximum l i k e l i h o o d  (ML) method i s  a p p l i e d .  The 
measurement n o i s e  i n  e q u a t i o n  ( 6 )  i s  assumed to  be zero-mean, u n c o r r e l a t e d ,  
and  g a u s s i a n ,  i .e. ,  
where t h e  symbol 6 i s  t h e  Kronecker  d e l t a .  
i , j  
The ML method f i n d s  a s e t  of p a r a m e t e r s  by minimiz ing  the log - 
l i k e l i h o o d  f u n c t i o n  (see, e.g. r e f e r e n c e  1 4 ) .  
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where 
0 = to1 x0lT 
a* i s  t h e  v a r i a n c e  of t h e  measurement noise  i n  o u t p u t  v a r i a b l e s  and N i s  
Y 
number of d a t a  p o i n t s .  Minimizing ( 7 )  for parameters i n  R g i v e s  t h e  estimate 
of measurement-noise  c o v a r i a n c e  m a t r i x  a s  
T 
N 
i = l  
A 1  
R = -  C u ( i )  v ( i )  N 
The estimates of t h e  remain ing  unknown p a r a m e t e r s  are g i v e n  by the root of t h e  
e q u a t i o n  
A 
for R replaced by R. T h i s  root can be found by modif ied Newton-Raphson i t e r a -  
t i o n  t e c h n i q u e  ( r e f .  1 4 ) .  
I t  is w e l l  known t h a t  under  t h e  above mentioned assumpt ions  the f i n a l  
estimates of unknown parameters a r e  c o n s i s t e n t ,  a s y m p t o t i c a l l y  u n b i a s e d ,  and  
a s y m p t o t i c a l l y  e f f i c i e n t  w i t h  
I n  t h i s  e x p r e s s i o n  AT is t h e  t r a n s p o s e  of the s e n s i t i v i t y  m a t r i x  w i t h  the 
e l e m e n t s  
avk k = i12 , . . . .n  
m l  kfi aoQ, I, = 1,2,.. . .n AT = -  
P 
where nm and n P 
parameters i n  0 r e s p e c t i v e l y .  
are  the numbers of measured o u t p u t  v a r i a b l e s  and unknown 
COMPUTING ALGORITHM 
The b l o c k  diagram of computing procedure  f o r  t h e  ML e s t i m a t i o n  of unknown 
parameters is p r e s e n t e d  i n  F i g u r e  1 .  The measured d a t a  are c o n s i d e r e d  i n  t h e  
form of d i g i t i z e d  t i m e  h i s t o r i e s  of i n p u t  and o u t p u t  v a r i a b l e s  w i t h  s a m p l i n g  
i n t e r v a l  A t .  The s t a t e  and o u t p u t  e q u a t i o n s  are g i v e n  by Eqs. ( 2 )  and ( 3 )  
r e s p e c t i v e l y  w i t h  t h e  unknown b i a s e s  and scale f a c t o r s  
5 
T 
x0= [ ~ ~ t ~ ~ t ~ ~ t h ~ ~  eo# $ 0 ]  
For t h e  i n t e g r a t i o n  of s ta te  e q u a t i o n s  and computing o u t p u t  t i m e  h i s t o r i e s  the 
s t a r t i n g  v a l u e s  of unknown parameters must  be s p e c i f i e d .  The biases and  scale  
factors are u s u a l l y  se t  e q u a l  t o  z e r o .  The s t a r t i n g  value of i n i t i a l  c o n d i -  
t i o n s  a r e  o b t a i n e d  from measured var iables  a t  t = O  as  
( 0 )  cos& E ( o )  
%,E 
u = v ( 0 )  cos 0 R , E  I 
v = v ( 0 )  s i n B R t E ( 0 )  
0 R , E  
ho= h ( 0 )  
R I E  
+o= $p, I E (  0 
Using the modi f ied  Newton-Raphson i t e r a t i v e  t e c h n i q u e  t h e  unknown para- 
meters o b t a i n e d  from 
A A o = o + A o  
N ( 1 3 )  
where 
and 
0 are the s t a r t i n g  N v a l u e s  
A T ^-1 -' T 
A 0  = [ C Ai R A i ]  C Ai R vi 
i = l  i = l  
The t r a n s p o s e  of the s e n s i t i v i t y  m a t r i x  A is g i v e n  i n  Table  I ,  where t h e  
crosses i n d i c a t e  s e n s i t i v i t i e s  ay /a0 = - a v  /a0 computed by  a n u m e r i c a l  
method of  r e f e r e n c e  14. The remain ing  s e n s i t i v i t i e s  i n  Table  I are e q u a l  t o  a 
k R  k R  
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known c o n s t a n t  or z e r o ,  o r  are formed by t h e  computed o u t p u t  variqbles. The 
estimates of e l e m e n t s  i n  t h e  measurement n o i s e  c o v a r i a n c e  m a t r i x  R a r e  
o b t a i n e d  from Eq. ( 9 )  and t h e  r e s i d u a l s  from Eq.  ( 8 ) .  




I t  means t h a t  f o r  X 
and  eo and b 
b e i n g  e i t h e r  e s t i m a t e d  or computed from I Q .  ( 1 5 ) .  
and X a l i n e a r  r e l a t i o n s h i p  e x i s t s  between +o and b (4 0 
The a l g o r i t h m  t h e r e f o r e  p r o v i d e s  t w o  o p t i o n s  f o r  b and b e *  6 
The i t e r a t i o n  p r o c e s s  is  completed when c e r t a i n  StOQping c r i t e r i o n  i s  
m e t .  I n  t h i s  r e p o r t  t w o  c r i t e r i a  proposed i n  r e f e r e n c e  13 are  a d o p t e d ,  i . e . ,  
where izl and c2 a r e  s p e c i f i e d ,  f o r  example E,= c2 = .001. 
s h o u l d  be m e t  s i m u l t a n e o u s l y .  When t h e  i t e r a t i o n  i s  comple ted  t h e  c o r r e l a t i o n  
m a t r i x  of unknown p a r a m e t e r s  is computed from 




WM W ( 1 6 )  
The r e s i d u a l s  can be examined u s i n g  t h e i r  t i m e  h i s t o r i e s  , a u t o c o r r e l a t i o n  
f u n c t i o n s  and power s p e c t r a l  d e n s i t i e s  ( r e f .  9) .  
EXAMPLES USING SIMULATED DATA 
The method deve loped  i n  t h i s  s t u d y  was a p p l i e d  t o  s i m u l a t e d  d a t a  t o  check  
t h e  a c c u r a c y  of +&e computing a lgo r i thm and e s t i m a t e d  pa rame te r s .  !lbo sets of 
s i m u l a t e d  d a t a ,  one  r e p r e s e n t i n g  t h e  l o n g i t u d i n a l  and t h e  o t h e r  r e p r e s e n t i n g  
the l a t e r a l  motion of an  a i r p l a n e ,  were used .  The t i m e  h i s t o r i e s  of t h e  i n p u t  
and  o u t p u t  v a r i a b l e s  a r e  shown i n  F i g u r e s  2 and 3 .  The sampl ing  i n t e r v a l  f o r  
t h e s e  t i m e  h i s t o r i e s  was A t =  0.05 sec.  The measurement n o i s e  w i t h  s t a n d a r d  
errors g i v e n  i n  Table  I1 was added to t h e  s i m u l a t e d  d a t a .  
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The r e s u l t s  of t h r e e  cases u s i n g  t h e  l o n g i t u d i n a l  data w i t h  measurement 
n o i s e  o n l y  i n  t h e  o u t p u t  var iables  a re  p r e s e n t e d  i n  T a b l e  111. I n  Case 1 t h e  
i n i t i a l  c o n d i t i o n s  w e r e  f i x e d  on t r u e  v a l u e s ,  i n  Case 2 on v a l u e s  c o r r u p t e d  by 
measurement n o i s e .  I n  Case 3 t h e  i n i t i a l  c o n d i t i o n s  were estimated. The 
d e g r a d a t i o n  i n  the a c c u r a c y  of t h e  estimated parameters from C a s e  1 to  Cases 2 
and  3 i s  a p p a r e n t .  I t  i s  p r o b a b l y  c a u s e d  by  i n c o r r e c t  v a l u e s  of i n i t i a l  
c o n d i t i o n s  (Case 21, by an i n c r e a s e d  number of unknown parameters ( C a s e  3 )  and 
h i g h  c o r r e l a t i o n  ( g r e a t e r  t h a n  0.9) between some parameters. The e x p e c t e d  
h i g h  c o r r e l a t i o n  between parameters b and eo (see Eq.  15) d i d  n o t  m a t e r i a l i z e .  e 
A s i m i l a r  a p p r o a c h  w a s  a d o p t e d  i n  t h e  n e x t  t h r e e  cases, where b o t h  t h e  
i n p u t  and o u t p u t  variables were c o r r u p t e d  by measurement n o i s e  and t h e  number 
of unknown p a r a m e t e r s  w a s  i n c r e a s e d .  The r e s u l t s  i n  T a b l e  I V  d o  n o t  show a n y  
s u b s t a n t i a l  d e t e r i o r a t i o n  i n  the a c c u r a c y  of the e s t i m a t e d  parameters when 
compared w i t h  t h e  p r e v i o u s  r e s u l t s  i n  Case 2 and 3 .  
I n  Table  V two sets of r e s u l t s  from the a n a l y s i s  of l a t e ra l  data are 
g i v e n .  
v a r i a b l e s  0, p, r, and 41 . The d i f f e r e n t  v a l u e s  of b i a s  errors d i d  n o t  
change the d i f f e r e n c e s  between t h e  t r u e  and mean v a l u e s  of e s t i m a t e d  para- 
meters b u t  changed t h e  s t a n d a r d  errors  o f  t h e  parameters and t h e  c o r r e l a t i o n  
between them. The a c c u r a c y  w a s  worse t h a n  t h a t  o b t a i n e d  from t h e  l o n g i t u d i n a l  
d a t a .  The e s t i m a t i o n  was t h e n  r e p e a t e d  w i t h  t h e  i n i t i a l  c o n d i t i o n s  a s  t h e  
unknown parameters .  T h i s  at tempt,  however , f a i l e d  because  of t h e  e s t i m a t i o n  
procedure d i v e r g e n c e .  The a n a l y s i s  o f  l a t e r a l  d a t a  i n d i c a t e d  a p o s s i b i l i t y  of  
i d e n t i f i a b i l i t y  problems w i t h  t h i s  t y p e  OP d a t a .  To a v o i d  t h a t ,  t h e  d e s i g n  of 
a n  optimal maneuver f o r  more a c c u r a t e  e s t i m a t e s  and w i t h  less s e n s i t i v i t y  t o  
t h e  number of unknown p a r a m e t e r s  should  be i n v e s t i q a t e d .  
These sets d i f f e r  i n  t h e  t w o  v a l u e s  of  s i m u l a t e d  b ias  errors i n  t h e  
ANALYSIS OF FLIGHT DATA 
Three  se t s  of  measured f l i g h t  d a t a  w e r e  a n a l y z e d .  Two of t h e m  repre- 
s e n t e d  a l o n g i t u d i n a l  motion of a n  a i r p l a n e ,  t h e  l a s t  se t  w a s  o b t a i n e d  from a 
combined maneuver w i t h  p r e d o m i n a n t l y  l a t e r a l  motion. The sampl ing  i n t e r v a l  
f o r  a l l  d a t a  w a s  
and e i n  t h e  f i r s t  r u n  a re  p r e s e n t e d  i n  F i q u r e  4 .  The r e s u l t i n q  es imates 
which i n c l u d e  t h e  parameter mean v a l u e s  , their s t a n d a r d  errors (Cramer-Rao 
lower bound) and s t a n d a r d  errors o f  t h e  measurement n o i s e  i n  t h e  o u t p u t  v a r i -  
ables are summarized i n  T a h l e  V I .  I n  Case 1 t h e  v e c t o r  of  unknown p a r a m e t e r s  
w a s  p o s t u l a t e d  as 
2 ,  A t =  0.05 sec. The measured o u t p u t  v a r i a b l e s  VR, R 
A s  can be seen from t h e  r e s u l t s ,  t h r e e  p a i r s  of e s t i m a t e d  p a r a m e t e r s  are 
h i g h l y  correlated,  and t h e  p a r a m e t e r s  ba, and eo, h a v e  large s t a n d a r d  errors. 
A s  t h e  n e x t  s tep,  t h e r e f o r e ,  t h e  parameters bax, wo and X were f i x e d  on  t h e i r  
estimated v a l u e s .  The e s t i m a t i o n  o f  t h e  r e m a i n i n g  parameters w a s  t h e n  r e p e a t e d  V 
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i n  C a s e  2. The new r e s u l t s  i n d i c a t e  no change i n  t h e  mean v a l u e s  b u t  lower 
s t a n d a r d  errors of t h e  estimates. The p r e d i c t e d  t i m e  h i s t o r i e s  of t h e  o u t p u t  
variables are compared w i t h  t h o s e  measured i n  F i g u r e  4. The agreement  i s  v e r y  
good i n  a l l  var iab les  p l o t t e d .  
The t i m e  h i s t o r i e s  i n  t h e  second r u n  had similar form as t h o s e  i n  t h e  
f i rs t  one. The e s t i m a t e d  parameters a re  c o n t a i n e d  i n  t h e  l a s t  t w o  columns of 
T a b l e  V I .  A l l  parameters from b o t h  r u n s  agree w e l l  w i t h  t h e  e x c e p t i o n  of t h e  
parameter %. T h i s  d i s a g r e e m e n t  c o u l d  be c a u s e d  by t h e  e l i m i n a t i o n  of \ i n  
t h e  v e c t o r  o f  unknown parameters i n  t h e  second run .  A s  i n  Run 1 t h e  r e s u l t s  
a lso exhibit  h i g h  c o r r e l a t i o n  between some parameters .  
I n  order t o  f u r t h e r  v a l i d a t e  t h e  r e s u l t s ,  t h e  ML estimates from Run 1 
were compared i n  Table  V I 1  w i t h  t h o s e  o b t a i n e d  by a n o n l i n e a r - f i x e d - i n t e r n a l  
smooth ing  (NFIS) t e c h n i q u e  ( r e f .  1 2 )  and by  a n  ex tended  Kalman f i l t e r  (EKF) 
( r e f .  9 ) .  For t h e  ML and NFIS e s t i m a t i o n  the i n i t i a l  v a l u e s  of unknown bias 
a n d  scale factor errors were s e t  e q u a l  t o  z e r o  whereas  f o r  t h e  EKF t h e s e  
v a l u e s  were made e q u a l  t o  t h e  ML estimates because of the s l o w  convergence  of 
t h e  f i l t e r .  The estimates from a l l  t h e  t h r e e  t e c h n i q u e s  a q r e e  w e l l .  The main 
d i f f e r e n c e s  are s e e n  o n l y  i n  parameters 
e s t i m a t e d  w i t h  poor a c c u r a c y  i n  a l l  cases. The r e a s o n  f o r  t h e  d i s a g r e e m e n t  i n  
bV c o u l d  be due  to  i n s u f f i c i e n t  e x c i t a t i o n  of t h e  a i r s p e e d  d u r i n g  t h e  a i r p l a n e  
motion.  
and eo. The p a r a m e t e r  eo was 
Data from t h e  t h i r d  maneuver were a n a l y z e d  assuminq o n l y  the. b i a s  errors 
i n  v a r i a b l e s  ay, aZ ,  p ,  q, r ,  
of t h e  less i m p o r t a n t  terms were e l i m i n a t e d .  A s  a r e s u l t  of t h a t ,  t h e  vector 
of unknown parameters was p o s t u l a t e d  as 
B, I$ and 8. A f t e r  r e v i e w i n g  t h e  estimates, some 
w i t h  b and b computed from Eq. ( 1 5 ) .  The measured and p r e d i c t e d  t i m e  
h i s t o r i e s  of o u t p u t  v a r i a b l e s  are p l o t t e d  i n  F i g u r e  5 .  Then, as i n  t h e  pre- 
v i o u s  case, t h e  ML e s t i m a t e s  w e r e  compared w i t h  t h o s e  u s i n g  NFIS and EKF 
t e c h n i q u e s .  The r e s u l t s  are g i v e n  i n  T a b l e  V I I I .  The aqreement  between the 
ML a n d  EKF e s t i m a t e s  is good. T h i s  c o u l d  be ,  however,  d u e  t o  t h e  u s e  of ML 
estimates as s t a r t i n g  v a l u e s  f o r  t h e  M F  technique .  T h e r e f o r e ,  more thorough 
c h e c k s  s h o u l d  be made f o r  be t te r  a s s e s s m e n t  o f  r e s u l t s  from b a t h  methods.  The 
main d i f f e r e n c e s  between ML and NFIS t e c h n i q u e s  are i n  the p a r a m e t e r s  b and 
i n i t i a l  c o n d i t i o n s  V ~ , I $ ~  and eo. 
a c c u r a c y  of t h e s e  estimates and d i f f e r e n t  v a l u e s  of t h e  remain ing  parameters. 
+ 8 
6' 
These d i f f e r e n c e s  c a n  be caused  by  poor 
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CONCLUDING REMARKS 
A maximum l i k e l i h o o d  method w a s  d e v e l o p e d  f o r  t h e  e s t i m a t i o n  o f  i n i t i a l  
c o n d i t i o n s  and bias  errors i n  measured a i r p l a n e  r e s p o n s e s .  I n  the development  
it w a s  assumed t h a t  t h e  i n p u t  va r i ab le s  t o  t h e  sys tem r e p r e s e n t e d  by l i n e a r  
a c c e l e r a t i o n s  and a n g u l a r  v e l o c i t i e s  are measured w i t h o u t  random errors. The 
model r e l a t i n g  a i rp lane  s t a t e ,  i n p u t  and o u t p u t  v a r i a b l e s  i s  based  on  s i x -  
degree-of -freedom k i n e m a t i c  e q u a t i o n s  and on o u t p u t  e q u a t i o n s  s p e c i f y i n g  the 
measured v a r i a b l e s .  
The r e s u l t i n g  t e c h n i q u e  was f irst  a p p l i e d  to  a l i m i t e d  number of simu- 
la ted d a t a  r u n s  t o  check t h e  a c c u r a c y  of  t h e  computing a l g o r i t h m  and  e s t i m a t e d  
parameters. It w a s  demonst ra ted  t h a t  t h e  i n c r e a s e d  number of  unknown para- 
meters and  t h e  c o r r e l a t i o n  among them c a n  d e q r a d e  t h e  a c c u r a c y  of t h e  e s t i -  
mates. A t  the same t i m e  it was observed  t h a t  a moderate n o i s e  i n  measured 
i n p u t s  h a s  o n l y  a smal l  e f f e c t  o n  t h e  a c c u r a c y  of  t h e  r e s u l t s .  The l a t e r a l  
maneuver ana lyzed  p r o v i d e d  less a c c u r a t e  parameter e s t i m a t e s  t h a n  t h e  l o n g i -  
t u d i n a l  one.  The i n c r e a s e d  number of unknowns i n  t h e  l a t e r a l  case r e s u l t e d  i n  
a d i v e r g e n c e  of t h e  e s t i m a t i o n  p r o c e d u r e .  The r e s u l t s  from s i m u l a t e d  da t a  
i n d i c a t e  a need f o r  a d e s i g n  of  a n  opt imal  maneuver f o r  more a c c u r a t e  es t i -  
mates and wi th  less s e n s i t i v i t y  to  t h e  number of unknown p a r a m e t e r s .  
The maximum l i k e l i h o o d  method d e v e l o p e d  f o r  t h i s  report  w a s  a l so  appl ied 
t o  the a n a l y s i s  of r e a l  f l i q h t  da ta .  Two l o n g i t u d i n a l  maneuvers similar i n  
form w e r e  a n a l y z e d  f i r s t .  The r e s u l t i n g  p a r a m e t e r  e s t i m a t e s  f rom b o t h  maneu- 
v e r s  w e r e  i n  good aqreement .  Then t h e  maximum l i k e l i h o o d  estimates were 
compared wi th  t h o s e  o b t a i n e d  by a n o n l i n e a r - f i x e d - i n t e r v a l  smoother  and a n  
ex tended  Kalman f i l t e r .  The comparison of t h e  t h r e e  t e c h n i q u e s  showed no main 
d i f f e r e n c e s  i n  t h e  r e s u l t s .  S imi la r  c o n c l u s i o n s  were o b t a i n e d  from t h e  a n a l -  
y s i s  of a l a t e r a l  maneuver w i t h  a s t r o n g  l o n q i t u d i n a l  c o u p l i n q .  A l l  t h e  
compar isons  s e r v e d  a s  a v e r i f i c a t i o n  o f  t h e  maximum l i k e l i h o o d  t e c h n i q u e  
p r e s e n t e d  i n  t h e  report. 
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TABLE I. - TRANSPOSE OF S E N S I T I V I T Y  MATRIX 

















































































































































































x i n d i c a t e  s e n s i t i v i t i e s  computed by a n u m e r i c a l  method 
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TABLE 11. - STANDARD ERRORS OF 
MEASUREMENT NOISE 
V a  r i ab 1 e 




q ,  rad/sec 
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1 
Parameter 
TABLE V I .  - ESTIMATES OF PARAMETERS 
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a Parameters with high corre lat ion 
Computed from eo and 8 
Fixed parameter 
(0) 
R I  E 
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P a r a m e t e r  




s(V) I m/sec 
s ( a ) ,  deg 
s ( e ) ,  deg 
TABLE V I I .  - ESTIMATES OF PARAMETERS FROM LONGITUDINAL 


































































a P a r a m e t e r s  with high correlation 
Computed from eo a n d  8 
Fixed parameter 
(0) 
R ,  E 
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Parameter 
TABLE V I I I .  - ESTIMATES O F  PARAMETERS FROM 
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Figure 1. - Block diagram of computing procedure for 
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F i g u r e  3. - 
t, sec 
Simula t ed  l a t e r a l  mot ion  of 
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Figure  4 .  - Comparison of measured t i m e  h i s t o r i e s  i n  
l o n g i t u d i n a l  maneuver w i t h  t h o s e  computed. 
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F i g u r e  5. - Comparison of measured t i m e  h i s t o r i e s  i n  
combined maneuver w i t h  t h o s e  computed. 
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